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ON THE INDEX OF MINIMAL 2-TORI IN THE 4-SPHERE
ROB KUSNER & PENG WANG
Dedicated to Professor E. Calabi on the on the occasion of his 95th birthday
Abstract. In this note we prove that any minimal 2-torus in S4 has Morse index at least 6,
with equality if and only if it is congruent to the Clifford torus in some great S3 ⊂ S4. For a
minimal 2-torus in Sn with vanishing Hopf differential, we show that its index is at least n+3,
and that this estimate is sharp: there exists a homogeneous minimal torus in S5 ⊂ Sn with
vanishing Hopf differential whose index in Sn is exactly n+ 3.
Keywords: Minimal surface; Morse index; Clifford torus; Bryant–Itoh–Montiel–Ros torus.
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1. Introduction
The study of minimal subvarieties in the unit n-sphere Sn is an important topic in global
differential geometry. The work [18] of Simons has been especially influential; in particular, he
investigated the second variation formula, observing that all closed minimal subvarieties in Sn
are unstable, and estimating their Morse index. Yet even for classical minimal surfaces in the
3-sphere the Morse index has been determined in only a few cases: the great 2-spheres have
index 1 and the Clifford tori have index 5. In fact, Urbano [20] showed these are the only
minimal surfaces in S3 with index at most 5. This is a key ingredient in the recent proof [12]
of the Willmore conjecture in S3. As Marques and Neves point out [13], strong evidence for
the generalized Willmore conjecture in Sn would be a generalization of Urbano’s index result to
minimal 2-tori in the n-sphere, which is the main aim of this paper.
Urbano’s proof relies heavily on the codimension-1 assumption to find global eigenfunctions
for the Jacobi (second variation) operator. In higher codimension we need to consider sections
of the normal bundle instead of functions, and finding useful global eigensections in the normal
bundle is already a difficult task. For this reason, we first focus our attention on minimal 2-tori
in S4; in this case, the vector-valued Hopf differential provides two natural test sections of the
normal bundle. Furthermore, the codimension-2 situation lets us show the normal bundle is
trivial, provided the vector-valued Hopf differential is not isotropic. In that case we can define
an almost complex structure J on the normal bundle. The action of J on the vector-valued
Hopf differential then provides more test sections, which leads to our main result:
Theorem 1.1. Let f : T 2 → S4 be a minimal torus in the unit 4-sphere. Then Ind(f) ≥ 6 and
equality holds if and only if f is congruent to the Clifford torus in some great S3 ⊂ S4.
Theorem 1.1 is a corollary of Theorem 3.1 and Proposition 3.5.
Rob Kusner was supported in part by National Science Foundation grant PHY-1607611 while at the Aspen
Center for Physics. Peng Wang is supported by NSFC Project 11571255 and CSC.
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1.1. Plan of the paper. The plan for our paper is as follows. We begin by reviewing (in
Section 2) the basic theory of minimal surfaces in Sn. Then we prove (in Section 3) our main
results, considering separately the case of minimal tori with non-vanishing Hopf differential, and
then the superminimal case with vanishing Hopf differential. For the latter case, we give an
index estimate for all minimal 2-tori in Sn.
2. Minimal surfaces in Sn
Let f :M2 → Sn be a minimal immersion of a closed Riemann surface M with local complex
coordinate z. Set |fz|
2 = 1
2
e2ρ. Then we have
(2.1)


fzz = 2ρzfz +Ω,
fzz¯ = −
1
2
e2ρf,
ψz = ∇
⊥
z ψ − 2e
−2ρ〈ψ,Ω〉fz¯.
Here ∇⊥ is the normal connection and ψ ∈ Γ(⊥M) is an arbitrary section of normal bundle
⊥M of f :M2 → Sn, and Ω ∈ Γ(⊥M ⊗C) is a section of normal bundle which defines the Hopf
differential of f by
(2.2) H = 〈Ω,Ω〉dz4.
Let II denote the second fundamental form of f , with squared length S = |II|2 =
∑
α,i,j(h
α
ij)
2.
Then we have
S = 8e−4ρ|Ω|2.
The Gauss, Codazzi and Ricci equations are as follows:
(2.3)


−K + 1 = 4e−4ρ|Ω|2 =
S
2
,
∇⊥z¯ Ω = 0,
Rzz¯ψ = ∇
⊥
z¯ ∇
⊥
z ψ −∇
⊥
z ∇
⊥
z¯ ψ = 2e
−2ρ(〈ψ,Ω〉Ω¯ − 〈ψ, Ω¯〉Ω).
An elementary computation shows
Lemma 2.1. The Laplacian ∆⊥ on ⊥M is of the form
(2.4) ∆⊥ψ = 2e−2ρ
(
∇⊥z¯ ∇
⊥
z ψ +∇
⊥
z ∇
⊥
z¯ ψ
)
.
Suppose ft is a variation of f with
∂
∂t
(ft)|t=0 = V ∈ Γ(⊥M), and let A(t) denote the area of
ft. Then it is well known [18] that the first variation formula is
A′(0) = −2
∫
M
〈 ~H, V 〉dM = 0
for a minimal surface f , and the second variation formula for minimal f is
(2.5) A′′(0) = I(V, V ) = −
∫
M
〈L(V ), V 〉dM,
where
(2.6) L(V ) := ∆⊥V + 2V + A˜(V )
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is the Jacobi operator. Here ∆⊥ is the Laplace operator on sections of the normal bundle ⊥M ,
and A˜ is a section of the symmetric endomorphism bundle of ⊥M defined as follows: for any
W ∈ Γ(⊥M)
〈A˜(V ),W 〉 := 〈A(V ),A(W )〉,
where A is the shape operator (dual to the second fundamental form II) of f (see page 67-69
of [18] for more details). For an oriented surface M in codimension 1, we have V = gN with N
the unit normal vector on M and g a function on M . Then we have
L(g) = ∆g + 2g + Sg.
In any codimension, the Jacobi operator L is a strongly elliptic, self-adjoint operator acting on
sections of ⊥M , and its associated quadratic form is given by
Q(V, V ) :=
∫
M
〈L(V ), V 〉dM =
∫
M
〈∆⊥V + 2V + A˜(V ), V 〉dM.
Then the Morse index Ind(f) of f is the index of Q, the maximal dimension of a subspace on
which Q is negative defiinite, i.e., the sum of the dimensions of the eigenspaces of L belonging
to negative eigenvalues. The nullity Null(f) is the dimension of the 0-eigenspace of L.
The following lemma generalizes the estimate of Ind(f) in [18].1
Lemma 2.2. Let f : M → Sn be a closed minimal surface from a closed Riemann surface
M with local complex coordinate z. Let Z ∈ Rn+1 \ {0} be a constant vector and let Z⊥ be the
normal bundle projection of Z. Then Z⊥ is a Jacobi operator eigenfield of f with eigenvalue −2.
Moreover, the dimension of SpanR
{
Z⊥|Z ∈ Rn+1
}
is (n+ 1) if f is not the round 2-sphere.2
Proof. By Lemma 5.1.4 and Lemma 5.1.6 of [18], we need only to prove the last statement
of the lemma. We prove by contradiction. Let {e0, · · · , en} be the standard basis of R
n+1.
Without loss of generality, we assume that e⊥0 is a linear combination of e
⊥
1 , · · · , e
⊥
n . So there
exist constants c1, · · · , cn such that
e⊥0 =
n∑
j=1
cje
⊥
j , i.e., e0 =
n∑
j=1
cjej + bf + b1fz + b¯1fz¯,
where b and b1 are some functions. Taking derivatives, we have
bzf + b1zfz + b¯1zfz¯ + bfz + b1fzz + b¯1fzz¯ = 0.
By (2.1), the normal bundle projection of this equation is b1Ω. Since Ω ≡ 0 if and only if f is
totally geodesic (and hence a round 2-sphere), we have b1 ≡ 0. Then we have bf is constant.
However |f | = 1 and f is not constant, so we have b = 0. Thus {e0, · · · , en} is linear dependent,
which is a contradiction. 
3. Minimal tori in Sn
In this section we focus on surfaces of genus 1. The main reason is that Ω defines two global
sections on the torus which we can use to construct test sections; if the genus is greater than 1,
then Ω is not globally defined on the surface M .
1Although this should be well known, we did not find it in the literature, and so we give a proof here.
2For any Z ∈ Rn+1, |Z| < 1, consider the conformal transformation Φ(Z) = Z + 1−|Z|
2
|f+Z|2
(f + Z) of Sn
[1, 11, 12, 15]. The variation ft = Φ(tZ) decreases the area, so the conformal transformations contribute n+1 to
Ind(f), as shown in the Lemma.
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We assume that M = T 2 is a torus with a global complex coordinate z (on its universal
covering space). Thus the Hopf differential H = 〈Ω,Ω〉dz4 = adz4 for some constant a ∈ C.
Then either a = 0 or a = 1 by changing of coordinate. It is hence natural to consider these two
cases separately.
3.1. Technical details on the Hopf differential. Before we proceed, we first recall some
basic results concerning Ω. Set Ω = Ω1 + iΩ2 with Ω1,Ω2 ∈ Γ(⊥M). We have
〈Ω1,Ω2〉 = 0, 〈Ω,Ω〉 = 〈Ω1,Ω1〉 − 〈Ω2,Ω2〉 = 0 or 1.
By (2.3) and (2.4), we have
(3.1) ∆⊥Ω = 4e−4ρ(〈Ω,Ω〉Ω¯ − 〈Ω, Ω¯〉Ω).
Comparing the real and imaginary parts, we have
(3.2) ∆⊥Ω1 = −8e−4ρ|Ω2|2Ω1, ∆⊥Ω2 = −8e−4ρ|Ω1|2Ω2.
Note that since Ω represents the traceless part of the second fundamental form, the formulas
(3.1) and (3.2) are essentially the complex versions of the traceless Simons identity [18].
On the other hand, since 〈Ω1,Ω2〉 = 0, by (2.3) we have
A˜(Ωj) = 8e
−4ρ|Ωj|2Ωj, j = 1, 2.
So we obtain that
(3.3) L(Ω1) = 2
(
1 + 4e−4ρ(|Ω1|2 − |Ω2|2)
)
Ω1, L(Ω2) = 2
(
1− 4e−4ρ(|Ω1|2 − |Ω2|2)
)
Ω2.
Another useful formula concerns E⊥, where E ∈ Cn+1 is an arbitrary constant vector. So
E⊥ = E − 〈E, f〉f − 2e−2ρ〈E, fz〉fz¯ − 2e−2ρ〈E, fz¯〉fz.
Using (2.1), we have
(3.4) (E⊥)z = −2e−2ρ〈E,Ω〉fz¯ − 2e−2ρ〈E, fz¯〉Ω.
3.2. The case with non-vanishing Hopf differential H.
Theorem 3.1. Let f : T 2 → Sn be a minimal torus with H 6= 0. Then
(1) Ind(f) ≥ n+ 2.
(2) If n = 4, then Ind(f) ≥ 6 and equality holds if and only if f is congruent to the Clifford
torus in some S3 ⊂ Sn.
(3) If n > 4 and K = 0, then Ind(f) ≥ n+ 3.
Proof. Since H 6= 0, we can assume that 〈Ω,Ω〉 = |Ω1|
2− |Ω2|
2 = 1 as discussed above. First we
have L(Ω1) = 2(1 + 4e
−4ρ)Ω1 so that
−
∫
T 2
〈Ω1,L(Ω1)〉dM = −2
∫
T 2
(1 + 4e−4ρ)|Ω1|2dM < −2
∫
T 2
|Ω1|
2dM.
Thus λ1 < −2. This means Ind(f) ≥ n+ 1 + 1 = n+ 2. This finishes Item (1).
Now we consider Item (2). If f lies in some great S3, then it follows from Urbano’s theorem
[20]. So we assume that f is full in S4. We will show by construction of test eigensections
that the eigenspace belonging to λ = −2 has dimension at least 6. Since λ1 < −2, we have
Ind(f) ≥ 7.
First, since |Ω1| ≥ 1, there exists some function θ on T
2 and global unit sections ψ3 and ψ4
such that Ω1 = cosh θψ3 and Ω2 = sinh θψ4. So ∇
⊥¯
z Ω = 0 shows
∇⊥z ψ3 = iθzψ4.
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We define an almost complex structure J on the normal bundle of f such that
(3.5) Jψ3 = ψ4, Jψ4 = −ψ3.
It is easy to show that ∇⊥J = J∇⊥.As a consequence, we obtain
L(JΩ1) = 2JΩ1, L(JΩ2) = 2JΩ2.
Now it suffices to prove that either {JΩ1, e
⊥
0 , · · · , e
⊥
4 } or {JΩ2, e
⊥
0 , · · · , e
⊥
4 } is linearly indepen-
dent.
Assume that JΩ1 + E
⊥ = 0 for some E ∈ R5. Then we have by (3.4)
∇⊥z (JΩ1)− 2e
−2ρ〈JΩ1,Ω〉fz¯ − 2e−2ρ〈E,Ω〉fz¯ − 2e−2ρ〈E, fz¯〉Ω = 0.
From this we obtain
iθz = −2e
−2ρ〈E, fz¯〉, and hence i(θzz + 2ρzθz) = 〈E, f〉.
In particular, θzz + 2ρzθz is purely imaginary.
Assume that JΩ2 + Eˆ
⊥ = 0 for some Eˆ ∈ R5. Then we have by (3.4)
∇⊥z (JΩ2)− 2e
−2ρ〈JΩ2,Ω〉fz¯ − 2e−2ρ〈Eˆ,Ω〉fz¯ − 2e−2ρ〈Eˆ, fz¯〉Ω = 0.
From this we obtain
θz = 2e
−2ρ〈Eˆ, fz¯〉, and hence θzz + 2ρzθz = −〈Eˆ, f〉.
In particular, θzz + 2ρzθz is real.
If θzz + 2ρzθz ≡ 0, we see that 〈E, f〉 = 0. Hence 〈E, fz〉 = 〈E, fzz〉 = 0 and 〈E,Ω〉 = 0. So
〈JΩ1,Ω〉 = 0. As a consequence sinh θ = 0 and hence θz = 0. So we see that f is in the space
spanned by {f, fz, fz¯, ψ3}|z=0, i.e., f is not full, a contradiction. So θzz+2ρzθz 6≡ 0. Then either
JΩ1 or JΩ2 together with {e
⊥
j } is a linear independent set, and we are done.
Finally we consider Item (3). In this case f is homogeneous by [3, 9]. Thus ρ, |Ω1| and |Ω2|
are all constant. Since f is full in Sn, n > 3, Ω2 6= 0. Otherwise ∇
⊥
z Ω1 = 0 and f is contained
in S3. By (2.3) and (3.3), we obtain
L(Ω1) = 2(1 + 4e
−4ρ)Ω1, L(Ω2) = 2(1 − 4e−4ρ)Ω2.
So Ω1 is an eigensection belonging to the eigenvalue −2(1+4e
−4ρ) < −2 and Ω2 is an eigensection
belonging to the eigenvalue −2(1− 4e−4ρ) ∈ (−2, 0). Consequently Ind(f) ≥ n+ 1 + 2. 
From the above proof we see that if f is homogeneous, then either it is contained in some
great S3 ⊂ Sn, or its Jacobi operator has an eigenvalue in the interval (−2, 0), which means
that it is Willmore unstable [16, 10]. Since the Clifford torus is the only homogeneous minimal
torus in S3, we obtain:
Corollary 3.2. Let f : T 2 → Sn be a homogeneous minimal torus with H 6= 0. Then it is
Willmore stable if and only if it is congruent to the Clifford torus in some great S3 ⊂ Sn.
Remark 3.3.
(1) It is natural to conjecture that
(3.6)
∫
T 2
〈L(Ω2), (L − 2)(Ω2)〉 = −4
∫
T 2
4e−4ρ(1− 4e−4ρ)|Ω2|2dA ≤ 0
for all minimal tori in Sn and equality holds if and only f is contained in some great
S3 ⊂ Sn, i.e., Ω2 ≡ 0. Note that by (3.1) of [16] or (2.6) of [10], (3.6) means that all
full minimal tori in S4 with H 6= 0 are Willmore unstable. Since the Clifford torus in
S3 is the only minimal torus in S3 ⊂ S4 which is Willmore stable in S4, this conjecture
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indicates that the Clifford torus in S3 and isotropic minimal tori in S4 are all minimal
tori which are Willmore stable in S4. The isotropic minimal tori in S4 are Willmore
stable in S4 since they minimize the Willmore energy in their regular homotopy class
(page 4487 of [14]). Note that, viewing as surfaces in S4 ⊂ S5, these isotropic minimal
tori are Willmore unstable in S5 [10].
(2) In [12], the 5–parameter deformations associated with an embedded surface in S3 play
an important role. One of these is the deformation introduce by Ros [17]. For minimal
surfaces, this 5-parameter family of surfaces decreases the area functional. Here we can
similarly define an (n+2)–parameter family of surfaces stemming from a minimal torus
in S4 with H 6= 0 as follows:
(3.7) Φ(t, Z) :=
Φ(Z) cos t+Ω1 sin t
|Φ(Z) cos t+Ω1 sin t|
, t ∈ [−π, π], Z ∈ Bn+1 ⊂ Rn+1.
Here Φ(Z) = Z + 1−|Z|
2
|f+Z|2 (f + Z) is the centered dilation, a conformal deformation of f
(see [1, 11, 12, 15]). But now we only that for sufficiently small t, Φ(t, Z) decreases the
area functional.
3.3. The superminimal case of vanishing Hopf differential H. We have two cases: the
general case, and the case in S4.
Proposition 3.4. Let f : T 2 → Sn for n > 4 be a full minimal torus with H ≡ 0. Then
Ind(f) ≥ n+ 3.
Proof. From (3.3) we have
L(Ω1) = 2Ω1, L(Ω2) = 2Ω2.
So it suffices to prove that the dimension of SpanR{Ω1,Ω2, e
⊥
0 , · · · , e
⊥
n } is n + 3. Assume that
there exist some real constants bˆ1, bˆ2, c0, · · · , cn such that E =
∑n
j=0 cjej and
bˆ1Ω1 + bˆ2Ω2 + E
⊥ = cΩ+ c¯Ω¯ + E⊥ = 0, with c =
1
2
(bˆ1 − ibˆ2).
Taking derivatives and using (3.4), we obtain
0 = c∇⊥z Ω− 2c¯e
−2ρ〈Ω¯,Ω〉fz¯ − 2e−2ρ〈E,Ω〉fz¯ − 2e−2ρ〈E, fz¯〉Ω.
Therefore
(3.8) c∇⊥z Ω− 2e
−2ρ〈E, fz¯〉Ω = 0, c¯〈Ω¯,Ω〉+ 〈E,Ω〉 = 0.
So either c = 0, or ∇⊥z Ω ‖ Ω. In the latter case, it is easy to see by the structure equation (2.1)
that f is now contained in some great S4 ⊂ Sn. By the fullness assumption, c = 0 and hence
E = 0. 
The S4 case is a bit more subtle. It is easy to show that there exists no E ∈ C5 such that
E⊥ = Ω¯. While it seems impossible to get a better estimate of the index by the above method,
the work of Ejiri in [6] can be modified to show
Proposition 3.5. Let f : T 2 → S4 be a minimal torus with H ≡ 0. Then Ind(f) ≥ 12.
Proof. We first note that although Ejiri [6] assumes the surface has genus 0, one immediately
observes that the computations in Lemmas 3.2-3.4, as well as the proof of Theorem 3.1, only
use the vanishing of H. So we still have
λ1 = −2, m1 = dimR{holomorphic sections of ⊥T
2 ⊗ C}.
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By arguments based on the Reimann-Roch theorem (recapitulating those on pages 131-132 of
[6]), we deduce
m1 = 2(χ(T
2,⊥T 2 ⊗ C) + dimH1(T 2,⊥T 2 ⊗ C)) =
A(T 2)
π
+ 2dimH1(T 2,⊥T 2 ⊗ C).
Here A(T 2) is the area of f . Since f has H ≡ 0, it comes via the twistor projection [5, 2] into
S4 from some horizontal (anti-)holomorphic curve F in CP 3. Thus the area of f is equal to
4π deg(F) ≥ 12π, and Ind(f) ≥ m1 ≥ 12. 
Note that for any isotropic minimal torus f in S4 ⊂ Sn, its index Indn(f) in S
n satisfies
Indn(f) ≥ Ind(f) + 2(n − 4). Thus we conclude
Theorem 3.6. Let f : T 2 → Sn for n ≥ 4 be a minimal torus with H ≡ 0. Then Indn(f) ≥ n+3.
Remark 3.7.
(1) The Bryant-Itoh-Montiel-Ros torus in S5 ⊂ Sn [4, 8, 15, 10] has vanishing Hopf differ-
ential and index n+3. Besides the Clifford torus, it is the only minimal torus immersed
in Sn by the first eigenfunctions of the Laplacian [7]. We conjecture that it is the only
minimal torus in Sn with vanishing Hopf differential and index n+ 3.
(2) Minimal tori in S4 with H = 0 have area — and hence Willmore energy — greater than
8π, so they are not candidates for the Willmore minimizer among tori in S4.
(3) From [6] it is easily seen that Ind(f) > n+3 for a non-totally-umbilic minimal 2-sphere
f in Sn.
3.4. Remarks on the higher genus case. WhenM is a higher genus closed Riemman surface,
we can use the meromorphic differential 1√
B
Ω on M \M0 in the case B := 〈Ω,Ω〉 6≡ 0, where
M0 is the zero set of B. Our discussion in the above subsections works on an open subset of
M \M0. This implies that the Morse index of an open subset of M \M0 is greater than 6 as in
the cases we have done for 2–tori in S4.
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